We show that an inflation model in which a spectator axion field is coupled to an SU(2) gauge field produces a large three-point function (bispectrum) of primordial gravitational waves, B h , on the scales relevant to the cosmic microwave background experiments. The amplitude of the bispectrum at the equilateral configuration is characterized by
I. INTRODUCTION
Quantum vacuum fluctuations in quasi-de Sitter space in the early universe (cosmic inflation [1] [2] [3] [4] ) produce a stochastic background of tensor metric perturbations (gravitational waves; GWs) [5] [6] [7] , which creates temperature anisotropies [8] [9] [10] and polarization [11] [12] [13] [14] of the cosmic microwave background (CMB).
The power spectrum of GWs from vacuum fluctuations (i.e., the homogeneous solution to the wave equation of GW) is proportional to the energy scale of inflation. However, this relationship does not hold if GWs are produced by other sources, e.g., an inhomogeneous solution sourced by scalar fields [15] [16] [17] [18] , a U(1) gauge field [19] [20] [21] [22] [23] , a non-Abelian SU(2) gauge field [24] [25] [26] [27] [28] [29] , etc. These sourced GWs are typically non-Gaussian, yielding a nonzero three-point function (bispectrum) of tensor metric perturbations.
The model we study in the paper contains three fields: inflaton, a spectator pseudo-scalar field, and a gauge field. The latter two fields are coupled, whereas the inflaton field is coupled only gravitationally. Cook and Sorbo [30] calculated the bispectrum of GWs from a U(1) field, finding a large value. However, the amplified U(1) field produces perturbations in the inflaton field which, in turn, produce the scalar curvature perturbation that is also non-Gaussian [31] . Avoiding large contributions to the scalar power spectrum and bispectrum that are incompatible with the observational data puts severe restrictions on the model [32] : the GWs cannot be produced over a wide range in wavenumbers but have to be localized.
Here, we calculate the bispectrum of GWs sourced by an SU(2) field [29] , finding a large value. Unlike for the U(1) model, the tensor component of the SU(2) field is amplified, but the scalar components are not amplified in the relevant parameter space, and thus the sourced scalar curvature perturbation remains small compared to the vacuum contribution, allowing for production of significant GWs over a wide range in wavenumbers. Most importantly, GWs are produced linearly by the tensor component of the SU(2) field, whereas in the U(1) model they are produced non-linearly by a product of the fields. Thus, the bispectrum is produced by the tree-level diagrams in this model, rather than by loop diagrams as in the U(1) model.
II. MODEL
The Lagrangian density of the model is given by [29] 
where L GR , L φ , and L χ are the Lagrangian densities of the Einstein-Hilbert action and the canonical actions for an inflaton field φ and a pseudo-scalar "axion" field χ, respectively. Repeated indices are summed. λ and f are dimensionless and dimensionful constants, respectively. The field strength of the SU(2) field, A a ν , is given by
µν is its dual. abc is the anti-symmetric Levi-Civita symbol and g is a dimensionless self-coupling constant. This action was inspired by the chromo-natural inflation model [33] in which there was no φ but χ played the role of inflaton.
At the background level, the axion and the gauge fields have the slow-roll attractor solution, A 
and
to the bispectrum of GWs. The straight and wavy lines show ψij and tij, respectively. The black dots show the vertices of the three-point interactions, while the circled crosses show the mixing between ψij and tij (the third line in Eq. (4)).
is the scale factor and Q ≡ (−f ∂ χ U/3gλH) 1/3 with U being the potential of χ and H ≡ d ln a/dt the expansion rate during inflation. It is always possible to keep this configuration against a spatial rotation by performing the corresponding SU (2) gauge transformation, because the SU(2) gauge group is isomorphic to SO(3) [34] . Then we identify the gauge index a with a spatial index. The transverse-traceless part of the perturbation of A a i behaves as a tensor perturbation t ai :
where · · · denotes scalar and vector components [25] . The tensor metric perturbation, h ij , is defined as
In this paper, we mainly use a canonically normalized field ψ ij ≡ aM Pl h ij /2 instead of h ij . The axion field obeys the slow-roll equatioṅ
with m Q ≡ gQ/H. The potential of χ determines time evolution of m Q . In this paper we do not specify the form of the potential but assume that m Q is a constant. This gives scale-invariant tensor perturbations sourced by the gauge field.
The sufficient condition for the absence of instability in the scalar components of the SU(2) field is m Q > √ 2 [25] . On the other hand, we cannot ignore back-reaction of t 2 on the background solution when m Q is too large. The relevant parameter space depends on the expansion rate H during inflation, and it is m Q = a few for the tensor-to-scalar ratio of the vacuum contribution of order 10 −5 − 10 −2 . See Ref. [35] for low-scale inflation allowing for a large m Q .
Expanding Eq. (1) with respect to ψ ij and t ij , we obtain the following perturbative Lagrangian at the quadratic and cubic order as
], with
where τ −1/aH is the conformal time, prime denotes derivative with respect to τ and we neglect the O(ψ 3 ) terms and terms suppressed by slow-roll parameters. We organize terms such that L
and L
. Their tree-level contributions to the tensor bispectrum are illustrated as Feynman diagrams in Fig. 1 . The coefficients of the cubic Lagrangians are c
The parameter B is comparable to the energy density fraction of the gauge field Ω A ≡ ρ A /ρ total ; thus, it is tiny in our spectator model,
As we find that the contribution from L (iii) 3
is negligible compared to the other two, we focus on L hereafter.
III. CALCULATION OF THE BISPECTRUM
To solve the dynamics of ψ ij and t ij , it is useful to decompose them with the circular polarization tensors,
where X = ψ, t and the polarization tensors satisfy e
Now we quantize the fields and expand them in a perturbative series [36] ,
The first order components are written aŝ
with the creation/annihilation operators,â
We only consider GWs sourced by the gauge field in this paper, and assign ψ 1 with the same quantum operator ast 1 . The mode functions ofX In Ref. [29] , the linearized equations have been solved. One of the two polarization modes, T 
where W β,α (x) is the Whittaker function, α ≡ −i 2m 2 Q + 2 − 1/4 and β ≡ −i(2m Q + m −1 Q ). Using the Green's function for ψ,
the sourced GW at first order is obtained as
where
m Q + kη and Θ(x) is the Heaviside function. This integration can be done analytically and the resultant tensor power spectrum in the super horizon limit is
where the power spectrum is defined by ĥ
We ignore the contribution from the left-handed mode. The function F is given approximately by |F(m Q )| ≈ e 2.06m Q −0.12 for 3 ≤ m Q ≤ 4. The exact expression can be found in Ref. [29] . Note that
The second ordert
3 /δt ij and δL (ii) 3 /δt ij should be evaluated by the first order,
is obtained, the tensor three point function is calculated as ψ 1 (τ, k 1 )ψ 1 (τ, k 2 )ψ 2 (τ, k 3 ) and its permutations in the leading order.
IV. RESULTS
We define the bispectrum of the right-handed modes in the super horizon limit as
(20) We find that the contributions from the diagrams (i) and (ii) in Fig. 1 1, 2, 3) . The triangle condition demands |r i − r j | ≤ r k ≤ r i + r j ; the bispectrum vanishes otherwise. The other functions are defined as
Q to avoid incorporating unphysical vacuum contributions. The integration result is not sensitive to the cutoff [29] .
The contribution from L
(ii)
with
The 3D plot of the numerical result of 10
h ). Only r3 ≤ r2 is shown. The bispectrum vanishes for r2 + r3 < 1 by the triangle condition.
In Fig. 2 , we plot the bispectrum for m Q = 3.45 and B = 3 × 10 −5 , which yield the tensor-to-scalar ratio parameter of the sourced GW of r sourced = 0.0472. The expansion rate during inflation is H = 1.28 × 10
13 GeV, and the vacuum contribution (including both right-and left-handed modes) is r vac = 0.00256. We only show r 3 ≤ r 2 to avoid duplication.
We find that the bispectrum vanishes in the so-called "folded limit", r 2 +r 3 = 1. This appears to be true generally for the bispectrum of right-handed modes at the tree level. This is a consequence of the contraction of three polarization tensors. For example, trace of the product of three polarization tensors, e
, is equal to Ξ (Eq. (22)), which vanishes in the folded limit because it contains r 2 +r 3 −1. We find that other possible contractions of three polarization tensors multiplying derivative operators and ijk are also proportional to r 2 + r 3 − 1 at the tree level.
The shape of the bispectrum is similar to the so-called equilateral template,
, but is different in details. When r 2 and r 3 are comparable it rises sharply from zero at the folded limit, reaches the maximum at r 2 = r 3 ≈ 0.6, and then flattens out towards higher values of r 2 or r 3 . When r 3 r 2 it oscillates due to the Whittaker function: for the diagram (i) it peaks at r 2 = r 3 ≈ 0.6 and goes to zero in the squeezed limit with a damped oscillation. For the diagram (ii), which is sub-dominant (but is within an order of magnitude of the diagram (i)), it peaks at the equilateral limit and approaches zero in the squeezed limit, also with a damped oscillation.
Similarity of two shapes of the bispectrum can be quantified using a cosine defined as
where dot-products denote X · Y ≡ 1 0 r 2 , r 3 ) . We find 0.89 for the above model parameters, which implies that, despite the differences in details, these two shapes are similar enough, and using the equilateral template would be sufficient for the data analysis, at least for the first trial.
As the sourced B h and P 2 h have similar exponential dependence on m Q , we take the ratio to reduce the m Q dependence. At the equilateral configuration k 1 = k 2 = k 3 we find
for 3 < ∼ m Q < ∼ 4. The exact numerical factor multiplying −1
B depends weakly on m Q . This is much greater than that of the vacuum contribution, B vac h /(P vac h ) 2 of order unity [39, 40] .
This result, i.e., B h /P
A , may seem strange at first, as it does not vanish in the absence of the SU (2) field. However, this result applies only when the sourced GW power spectrum dominates over the vacuum contribution. This condition does not hold when Ω A is too small, in which case the above result does not apply. This resembles the situation for the scalar bispectrum in the curvaton scenario [41] .
V. CONCLUSIONS
In summary, we have calculated the bispectrum of GWs sourced by an SU(2) gauge field coupled to a spectator axion field, finding a large value.The SU(2) field can also contribute to ζ. In flat gauge ζ is given by
where ρ i , P i , δρ i , and
Pl are the energy density, pressure, energy density perturbation, and energy density fraction of i = (φ, χ, A). We have used
Pl and ignored the terms related to the axion and gauge fields in the denominator. The third term in the numerator is suppressed by Ω A and will be negligible once χ settles into the potential minimum and stops producing SU(2), i.e., Ω A → 0. The SU(2) field produces axion perturbations via t ij + t ij → δχ which, in turn, produces ζ in two ways. One is via the second term in the numerator, and is negligible after inflation as Ω χ → 0. Another channel is production of δφ from δχ, producing ζ via the first term in the numerator. This can in principle make a sizeable contribution if m Q is large; however, for our choice of 3 < m Q < 4 the contribution is several orders of magnitude smaller than the vacuum contribution of inflaton. We give a rough order estimate below, and present details in a forthcoming paper [42] .
Considering the exponential dependence t ij ≈ e 2m Q (which includes m Q dependence of the Whittaker function) and a vertex gΛ/2(∂ η δχ)t ij t ij (where Λ ≡ λQ/f [29, 34] ), the power spectrum of χ is evaluated
(The vertices that are not proportional to g do not involve one δχ and two tensors.) In addition, the gravitational coupling between δφ and δχ is suppressed by √ φ χ . Then we obtain Fig.2 ). Therefore this model can produce a significant amount of GWs over a wide range in wavenumbers, while simultaneously satisfying stringent observational constraints on the scalar curvature power spectrum.
So far, there is no evidence for primordial nonGaussianity in both scalar and tensor perturbations. The Planck collaboration reports limits on the tensor bispectrum [43] (also see [44] for the WMAP limit) in terms of the following quantity at the equilateral configuration: f 
for 3 < ∼ m Q < ∼ 4, and r = P h /P ζ where P ζ is dominated by the vacuum contribution. As P h ∝ B (Eq. (17)), f tens NL is proportional to B , hence Ω A . As only right-handed modes are amplified, not only the usual parity-even CMB bispectrum but also a parityodd bispectrum is produced [45, 46] . While a parity-odd CMB bispectrum gives a clean signature of GWs sourced by gauge fields, the observational limits are stronger for the parity-even bispectrum. We thus use the limits combining both bispectra. The Planck collaboration obtains f tens NL = 400 ± 1500 (68% CL). It is clear that the model predicts a large tensor bispectrum that is observationally relevant. The planned future experiments that measure temperature and polarization of the CMB over full sky, such as LiteBIRD [47] , will tighten the constraint on, or discover non-zero value of, f tens NL , offering an important test of the origin of primordial GWs [48] : is it from vacuum fluctuations, or from sources?
